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1. INTRODUCTION 
Consider the differential equation 
Lx(t) + d~).mM~)l) = 07 n even, (1) 
where 
Lox(t) = 4th &At) = %(f)(L ,x(t))’ 
k = 1, 2, . . . . n (’ = d/dt), 
f: R-t R, ai,g, q: [to, 00) --) R, i= 1, 2, . . . n, are continuous, a,(t)= 1, 
ai( t) > 0, q(t) nonnegative and not identically zero on any ray of the form 
Ct*, GO) for some t* 3 t, and lim,, m g(t) = co. 
We will assume that 
M-(x) > 0 and f’(x)20 for x#O (‘=d/dx); (2) 
I 
ml 
-ds= oo, 
Pits) 
where 
P;(~)=~~BT, ai( t> T>lo, and i-l,2 ,..., n-l. (3) 
. . 
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We further assume that there exists a real valued function go C’[tO, m) 
such that 
o’(t) > 0 (4) 
a(t) --+ a2 as t-,cO. 
The domain D(L,) of L, is defined to be the set of all functions 
x: [to, co) + R such that L,x(t), 0 <j< n, exist and are continuous on 
[to, co). By a solution of Eq. (1) we mean a function x E D(L,) which 
satisfies Eq. (1) on [to, co). A nontrivial solution of Eq. (1) is called 
oscillatory if the set of its zeros is unbounded and it is called nonoscillatory 
otherwise. 
The oscillatory behavior of solutions of the equation 
x’“‘(t) + d~)f(-a(~)l) = 0 
has been studied by many authors; we mention here the results of the pre- 
sent authors [I], Grammatikopoulos et al. [S], Kartsatos [9], Kusano 
and Onose [lO-121, and Staikos [ 141. Some of these results have been 
extended by the present authors [2] and Slicas [13] to equations of the 
form 
(a(t) x+‘) (f))’ + d~).mM~)l) = 0. 
Further generalizations to equations of the form 
(a(t)x’“-v’(t))(“)+q(t)f(x[g(t)])=O, 16v<n-1 
are discussed by Grace [4] and Graef et al. [S-7]. 
The purpose of this paper is to present some new oscillation theorems 
which extend and unify some of the above-mentioned results. In the sequel 
we need the following two lemmas, given in [3]. 
LEMMA 1. Let condition (3) hold and let x E D(L,). Zf x(t) L,x(t) is of 
constant sign and not identically zero for all large t, then there exist a t, 2 to 
andanintegerl,O<l$n, withn+Ieuenforx(t)L,x(t)2Oorn+loddfor 
x(t) L,x(t) GO and such that for t 2 t,y 
I> 0 implies x(t) L,x( t) > 0 (k=O, 1, . .) I- 1) 
and 
l<n-I implies(-l)‘+“x(t)L,x(t)>O (k=l, l-l- 1, . . . . n- 1). 
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LEMMA 2. Let x E D(L,) and n even. Zf L,x(t) f 0 for all t > t,, t, suf- 
ficiently large, and L,x(t) is not identically zero for all large t, then there 
exist a T>.t, and a positive constant M such that 
for t3T. 
For convenience of notation, for T9 to and all t > T, we let 
and 
w(T, PL, t) =~j~~i:?...,:~-2~“~-l~s~-l)ds~-’ ...ds2.
2. MAIN RESULTS 
THEOREM 1. Let conditions (2)-(4) hold, and 
s 
fez du 
fOCco 
and 
s 
--co du 
f(u)-= 
Furthermore, suppose that there is a twice differentiable function 
p: [to, a) + (0, a), 
such that 
p’(t) 3 0 and r(t) = 
’ 
for T sufficiently large and 
5 
00 
p(s) q(s) ds = 00. 
(6) 
(7) 
Then every solution of Eq. (1) is oscillatory. 
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Proof: Let -u(t) be a nonoscillatory solution of Eq. ( 1 ), say -y(t) > 0 for 
t 3 t, > t,. Then there exists a f2a t1 so that ,u[a(t)] >O for t > t,. It 
follows from Eq. (1) that 
L,,r( t) 6 0 for 13f2. 
Moreover q(t) 1. 0 on any ray of the form [t*, X) for some t* > t, ensures 
that L,x(t) also has this property. Note next that the hypotheses of 
Lemma 1 are satisfied on [t,, a)), which implies that there exists a t, > tz 
so that 
L y(t) > 0 R-l’ and x’(t) > 0 for t3 tj. (8) 
It is easy to check that we can apply Lemma 2 and conclude that there 
exist M > 0 and t4 3 t, such that 
x’Cfl(t)l2 Mdt4, ,4 o(t)) L-I.4l) for tat,. (9) 
Let 
p(t) -L ,x(l) 
W(t)= f(x[a(t)]) ’
for tb t4. 
By differentiation, we obtain 
Wt) = PW,,x”dlf,) + p’(t) Ln-,x(t) 
f(xC4t)l) 
L .-,x(t) 
- p(t)f2(x[c?(t)]) f’(xCdt)l) X’L-dt)l 4th (10) 
From Eqs. (l), (2), and (8) we have 
W(t) < -P(f) 4(t) + if(t) 
L .-,x(t) 
.fbCdt)l)’ 
From (4), it follows that there exists a t, > t4 so that o(ts) > t4 for all t 3 t,. 
Integrating (11) from t5 to t and using (9) we obtain 
w(t) G Wts) - j’ P(S) 4s) ds 
(5 
I 
I 
+ 
P’(S) x’Cds)l fJ’(s) ds
f5 M@(s) 4t,, P, 4s)) .mCfJ(s)l) . 
(12) 
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Thus 
W(t) d W(ts) + 
P’(f5) 
Mdt5) dt,, PL, 4t5)) 
G(x(t,)) - I’ P(S) q(s) ds 
15 
--&(s)q(s)ds--l . 
P’(t) 
kf fJ (t) Mt,, PL, o(t)) 
G(x(t)) 
+; I’ Y(S) G(x(s)) & 
15 
where 
Using (6) we obtain 
W(t) d C- I ’ p(s) q(s) ds, f5 
(13) 
(14) 
where 
c= bv(t,)+l P’(ts) 
Met,) o(Ll, P, dts))’ 
Now it follows from (7) and (14) that 
W(t)+ --co as t-+02. 
Consequently, we must have L, _ ix(t) < 0 for t 2 t,, a contradiction to (8). 
The proof of the case x(t) <: 0 for t 2 ti 3 t, is similar and hence is omitted. 
THEOREM 2. Let condition (6) in Theorem 1 he replaced by 
p’(t)>,0 and 5 ; Iv(s)l ds < 00, 
for all large T. (15) 
Then the conclusion of Theorem 1 holds. 
Proof. Let x(t) be a nonoscillatory solution of Eq. (1). Assume that 
x(t) > 0 for t 2 ti 2 to. As in the proof of Theorem 1, we obtain (13). It 
follows from (15) that 
0 < G(x( t)) < K for some constant K, 
and hence 
*I 
w(t) G CI - J P(S) q(s) ds, I5 
(16) 
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where 
The rest of the proof is similar to that of Theorem 1. 
THEOREM 3. Let conditions (2)-(5) hold. Suppose that there is a twice 
dtjjferentiable function 
PI Cto, a) -+ (0, Go) 
such that 
P’(f) > 0, Y(t) 3 0 
for all large T and such that a(t) > T, and 
lim o’(t) o(T, /A dt)) f 
p’(t) s 
p(s) q(s) ds = co. 
I-Lx T  
Then every solution of Eq. (1) is oscillatory. 
Proof Let x(t) be a nonoscillatory solution of Eq. (1). Assume that 
x(t) >0 for t 2 t, 2 t,. As in the proof of Theorem 1, we get (12). Since 
y(t) > 0, we can use Bonnet’s theorem and conclude that 
s I P'(S) x’C4s)lds) ds < c P’(t) 15 MO’(S) Mt‘l, PL, 4s)) f(xC4s)l) ’ dt) 4th P9 a(t)) 
for some C > 0 and t > t,, and consequently from (12) we obtain 
4t) (f4, /4o(t)) r 
p'(t) 
W(t) dc, - dt) at,, P? 4t)) 
p'(t) s 
p(s)ds)ds, 
f5 
where 
c, = c+ W(ts) o’(t,) 4t4, I*, o(t,)) 
P'(f5) . 
And hence, using (18) and definition of W we have L, _, a-( t) 6 0 for t 2 ts , 
a contradiction to (8). This completes the proof. 
THEOREM 4. Suppose that conditions (2)-(5) hold, and for all large T 
Then all solutions of Eq. (1) are oscillatory. 
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Proof. Let x(t) be a nonoscillatory solution of Eq. (1 ), say x(t) > 0 for 
t > ti B t,. It follows, as in the proof of Theorem 1, that for any T> t, and 
with p(t) = 1 
&-1x(t) L-,x(T) w(t)=f(x[cJ(t)]) <f(x[rJ( T)]) - s iqCs  & 
Since L, _, x(t) > 0 for t b T, we have 
o< Ln-,x(T) 
‘f(x[a( T)]) - s : ‘(‘) A’ 
Hence for all t > T 
s 
cc L,- 1x(t) 
I q(s) dsG.f(x[cr(t),). 
Using (9) we obtain 
Thus 
This contradicts (5) since the integral on the left diverges. A similar proof 
holds when x(t) < 0 for t > t, > t,. 
For illustration we consider the following example: 
EXAMPLE 1. The equation 
L,x(t)+t-“lx[t+sin t]l’sgnx[t+sin t] =O, co 1, t3 1, (20) 
where n is even, L,x(t)=x(t), Lkx(t)=(l/t)(Lk-lx(t))’ and L,x(t)= 
(L,_ ,x(t))’ k = 1, . . . . n - 1, is oscillatory by Theorem 1, for p(t) = t”- ‘. We 
may note that the results in [l-14] cannot be applied to Eq. (20), since 
a,(t) # 1 for i= 1, . . . n - 1. 
Remarks. 1. If o<ai(t)<ci, i= l,..., n- 1, then o(T,p,a(t))~ 
O(o n- l(t)), and if p(t) = w( T, /J, a(t)), then the -condition a’(t) > 0 can be 
replaced by o’(t) > 0. Thus Corollary 3.1(i) in [ 141 is included in our 
Theorem 1. 
2. Our above results include some of the results of the present 
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authors [l, 2,4], Grammatikopoulos et al. 181, Kartsatos 191, Kusano 
and Onose [ 11, 121, and Staikos [ 141. 
3. For n even, a;(t) = 1, our Theorem 1 is stronger and is more 
general than Theorem 1 in [ 111, since in our proof we do not need the 
existence of a nondecreasing function C$ required in [ 111. 
The following result is concerned with the oscillatory behavior of (1) 
when .f satisfies the conditions 
s du s du +of.o- and -<CD; -0 f(u) (21) 
~f(x)f(.Y)df(v)d -f(-3) for x, y>O, (22) 
where K is a positive constant. 
THEOREM 5. Let conditions (2)-(4), (21), and (22) hold. Zf 
s T* qb)f (a( T P, 0)) ds = a, (23) 
for all large T, then every solution of Eq. (1) is oscillatory. 
Proof: Let x(t) be a nonoscillatory solution of Eq. ( 1 ), say x(t) > 0, for 
t > t, 3 to. It follows, as in the proof of Theorem 1, that 
x’(t)>0 and L+,x(t)>O for t>tt,. 
Therefore, we can apply Lemma 2 and conclude that there exist a t, 2 t, 
and a constant A4 > 0 such that 
Then, using (2), (22), and (24), for t B t,, we have 
Lx(t) = -s(t)f(xCg(t)l) 6 -dt)fbC4t)l) 
d -dt)f(M44, I4 o(t)) -b-,x(t)) 
6 -Kq(t)f(4b, P, dt))f(ML ,x(t))) 
d -K*dt)f(Wf(~(~,> P, 4t))f(L,- ,x(t))), 
i.e., 
K2f(WCq(t)f(4t,> P> dt)))l d - fc;‘f;)(tIJ. 
n 
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Hence, by integration, we have that 
a contradiction to (32). The proof for the case x(t) < 0 for t 2 t, 2 t, is 
similar and hence is omitted. 
For illustration we consider the following example: 
EXAMPLE 2. Consider the equation 
L,x+tPP(x[t+sint](‘sgnx[t+sint]=O, (25) 
where n is even, 0 < c( < 1, t > 1, and L, is as in Example 1. All conditions 
of Theorem 5 are satisfied if /I = 1 + cc(n - 1 ), and hence all solutions of 
Eq. (25) are oscillatory. 
Remark. Theorem 5 includes Theorem 8 in [4], Theorem 1 in [lo], 
and Theorem 1 in [14] as a special case. 
As an application of our results we consider the equation of the mixed 
type 
Lx(f) + ql(t).f,(x[lgI(t)l) + cdf)fz(xCgAt)l) = 02 n is ev_en, (26) 
where L, is as in Eq. (l), q,, q2: [t,,,c~1)+(0, CXI), cl,oz: [tO,~)-+R, 
and fi, f2: R + R are continuous, j”, satisfies conditions (2) and (5), and f2 
satisfies conditions (2), (21), and (22). We assume that there exist ci, 
i = 1,2, and Go: [to, cc ) -P (0, cc ), i = 1, 2, are continuously differentiable 
such that 
o,(t) -‘,‘y; ($9 gh)}, o;(t)>O, o,(t) + @z as t-rco. 
THEOREM 6. Suppose that there exists a differentiable function 
PI Ckh 00) + (0, a) 
such that for all large T 
p'(t)20 and 
P’(t) 
cr.,(f) o(T, PL, a,(t)) > 
60 
and 
s Oc b(s) q,(s)fq,(s)f,(dT> PL, ah))lds= ~0. 
Then every solution of Eq. (26) is oscillatory. 
(27) 
409/14712-,X 
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Proof: Let x(t) be a nonoscillatory solution of Eq. (26), say x(f) > 0 
and x[a,(t)] >O for t 3 t, 3 r0 and i= 1, 2. Also .Y is a solution of 
L,,x(t)+q,(t)J;(,~Csl(t)l)~o (28) 
and 
LX(~) + 4z(~).fr(~~Csz(~)l) d 0. (29) 
Since conditions (6) and (27) imply conditions (6) and (7) of Theorem 1 
and condition (27) implies condition (23) of Theorem 5, the conclusion 
follows from Theorem 1 or Theorem 5. 
Remark. Corollary 4.1 (i) is included in our Theorem 6 as a special 
case. The following example is illustrative: 
EXAMPLE 3. Consider the equation 
L,~(r)+l~~~Jx[t+sint](“sgnx[t+sint] 
+tPP21x[t-sint](“*sgnx[t-sint]=O, t> 1, (30) 
where II is even, L, as in Example 1, 0 < ~1, < 1 <Q. For any /II, fiz = n, 
and p(t) = t”- ‘, every solution of Eq. (30) is oscillatory and for any Bz and 
/?r = 1 + crr(n - l), every solution of Eq. (30) is oscillatory. 
We believe that the oscillatory behavior of Eq. (2), (25), and (3) is not 
deducible from any other known oscillation criteria. 
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